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NATIONAL ADVISORY COMMITTEZE FOR AEROWAUTICS

TECENICAL NOTE NG. %02

DESCRIPTION OF STRESS-STRAIN CURVES BY THREE PARAMETERS

By Walter Ramberg and William R. Osgood
SUMMARY

A simple formula is suggested for describing the
stregs-strain curve in terms of three parameters: namely,
Young's modulug and two secant yield strengths. Dimension-
legg charts are derived from this formula for determining
the stresg—strain curve, the tangent modulus, and the
reduced modulus of a material for which these three param-
etars are given. Comparison with the tensile and compres-
give data on azluminum-alloy, stainlegs-steel, and carboun-
steel gheet in F¥ACA Technical Note No. 840 indicates that
the formula is adequate for most of these materials. The
formula does not describe the behavior of alclad sheet,
which shows a marksd change in slope at low stress. It
seems probable that more than three parameters will be

necessary to represeni such stress-sirain curves adeguately.

INTRODUCTION

An azgsembly of the tensile and compresgive siress-
gtrain curves for sheet materials characteristic of air-
ceraft congtruction ig ©teing obtained at the Natlonal
Bureau of Standards as the principal objective of & re- .
search project for the National Advisory Committiee for
Aeronantics. Stregsg—strain, stregss~deviation, secant--
modulias, tangent—mddulus, and. reduced-modulug curvesg have.
heen presented in reference 1 for various grades of sheet
materials of aluminum alloy, carvcon steel, and caromium-
nickel steel. A gscond objective of the same rescarch
project is a search for yield parameters that give a better
description of the stress—strain curve than those in use
at pressnt.

The coaventional degeription of the stress-strain
curve of metals by the two parameters, Young's modulus and
vield strength, ig. inadequate for the efficient design of
moembers unlegs the material followg Hooke's law up to a
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vield point ai which it yilelds indefinitely uniéer constani
stress. nig special behavior 1is approached, for example,
by certain steels (fig. 1) and by certain low-strength
magrnegium alloys, but it is notl charscterigtic of many
high-strength alloys for ailrcraft.

i1

Examination of the stress-sirain curves for alunminum-
alloy sheet and chromium-nickel-psteel sheet given in ref-
erence 1 shows, particularly for the compressive stress~
strain curves (figs. 2 and 3), a gradual transition from
the elastic straight line for low loads toward the horizon-
+21 line characterizing plastic behavior. The type of
transition varies widely. Hence there i1s no hope of reduc-
ing all stress-strain curves to a single type of curve Dy

wniform stretching, or affine transformation of coordinates.

This rules.out the possibility, which exists for affinely
related stiress-strain curves (reference 2),; of completle
description in terms of only two parameters, Young'!s mod-
wlug and secant yield strength. A minimun of three param-
eters Will be required to describe the changes in shape
for different materials.

Several proposals have been made for describing tke
strege—sirain curve in terms of three or more parameters.
Donnell {reference 3) sugzzgests as two yield parameters
the stresses s, B5,» &b ghich the slope of the stress-—
strain curve ig ecual ito 4/4 B and 1/4 E, where E 1is
Young's modulus. The stregs—strain curve is then derived
fyrom these two parameiers on the assumption that the
siope varies linearly with the siress. Thig procedure

gives a good descripiion of many tensile stress—strain
curves of aluminum ailoys, but it does noit seen adegquate
for the nighly curved tangeni-modulus curves found for
the compressive stress-strain properties in reference 1,
from Which figure 4 is taken. Furthermore there arse
practical difficulties 1n determining the stregsessg corre-
sponding to a tangenv modulug of 3/4 % gnd 1/4 E
guickly from the siress—-sirain curve.

¥eger and Ahrvend (reference 4) noticed that the

stregs—stralin curves for many materials may be approxi-
mated by two straight lines when they are plotted on log-
log paper. They proposed to define vyield strength as
the stiress at tne intersection of these two lines.
Description of the siress—-sbrailn curve above the yield
renzth would be obtained from the slope of the upper
a

jsht line. The proposal is doubiless an advance over
description by an offset yield strength. It has the
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disadvantage, however, of requiring the plotiing of suf-
ficlent stress—strain data on log-log paper to determine

a straight line through the points. Furthermore it gives
no information. about the shape of the important transition
reglon near the intersection of the two straight lines.

An analytical expression for the stress-strain curve
which is gsuited for theoretical studies of plastic buck-
ling was proposed by Nadai in 193¢ (reference 5). The’
expregsion is

‘\
e = & 5 < s | '
: L (1)
- N\ B
s 5 5p |
g = = + &__ ---—---———"—-) S>Sp
Y \g Sy 4 : }
¥ T /
where
e strain
g stress
ey strain corresponding to yield strength sy
Sy Provortional limit
n cornsgtant

-

If the logarithmof both sides is taken in eguation (1),
it can be seen that eguation (1) approaches Esser and
Ahrendls two straight lines as asympiotes for low and for
high stress, respectively. The description of the trangi-
Tion region 1s obtained by inecreaging the number of param—
eters from three to four

In the gtudy of plastic bending, the second author
found an analytical expression conualnine three parameters
that appeared to bte well adapted for representing stress-
strain curves. Further examination of the expresszion in
the light of the date given. in reference 1 confirmed this
view.
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ANALYTICAL EXPRESSION

Stregs—~Strain Curve
The proposed analytical expression is
: n - . e
e=a+x/a> - (&)

where ¥ and n are constants. Nadai's expression (1)
becomes the pame as equatxoﬂ (2) if :

{3}

that ig. if the proportiomal 1limit is taken as zero, and

the requirement is dropped that ey is the sgirain corre-

!

aponding to a yield siress B,

= ¥
The expression (2) may be writtern in dimensionless
foym in termg of the folliowing variables {(refereunce 631
_ &k )
6,—-—-""
. .
. . . : (4)
] .
S
c = -
Sl
, -
wheare =& ig the gecant yileld strength, equal to the
ordinate of the intersection with the stress—strain curve
of & line through the origin having 2 slope equal tTo I,
(fig. 5}, =m, Dbeing & chosen constant, O < m, < 1. '
Since m i fixed, the transformation {egquation (4))
reduceg all affinely related stress—-strain curves to a
single curve.

Trhe abscissa of the intersection for a siress—-strain
curve Gescribed by ecguation (2) is

B

Yo

e
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o .
] 5 8 n
g, = 1:~1_+:w:_—1—> (5)
m A E T

Inserting equation {(4) in equation (2) gives

n-1 =n
3 5
_._> g - (5)
“ B / :
From eguation (5)

¥ 2) =rm =)

Inserting eguation (7) in equation (8) gives
(83

Affinely relaied gitresz-strain curves that may be degscribsd

ation (8) are characterized by having the same V““ue
of =xn. Filgure 6 shows & family of curves for a nunber of
different values of =n,  and m; = CG.7.

Stresgs—-Deviation Curve

The stiregs~deviation curve is obtained by U;Ontl g
strege againgt difference beiween measured gitrain and
ctlastic sirain corresponding to Hooke's law. For the
stress—sirain curve given by equation (2) the qev1a+'on a
is given by

/
i d = e - \ i (9)
E
or
log 4 = log X + nlog &£ (10)
E
that is, a log—-log plot of deviation against. stress would
Be a siraight line. ~The deviation may be written in dimen-
gsionless form as '
o
§ = — (11)
5
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From eguations {9), (£), and (&)

§ =€ -0 = =" O = o (12)
. ml
or ..
1 - m, '
log § = log ————= * nlog O (13)
my .
The family of straight lines corresponding 1o various
values‘of n and to . my = 0.7 ig shown in figure T

Tangent Modulus.

The tangent modulus at a given stiress ig defined as
the siope of the tangent to the siress-strain curve at
that stress. The reciprocal of tThe tangent modulus is
fromw equation (2):

' E! dsg i g

E/

Thig may bpe written in dimengionless form by making use
of eguations (7) and (4):

Tigure 8 shows the tangent-modulus ratic E'/E plotted
aingt siress ratio O with m, = 0.7.

Reduced Modulusg ToT Recitangular Section

setion in buckling stress wnen the stress
exceeds T roportional 1imit is freguently estimated
(reference 7, PD. 159 and 274) by replacing Young'ls mod-
wlus E Dy & reduced modulus Er. Thug in the case of

&

ne

1=
r.

[OI 6]

el

A

columng the acinal vnckling stress Sy would be esti-:
mated as
w
5. = —— S, (185
o =1
B

! 1 X el
1 _ de _ + E~< 51_ (14)
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where s, 1s the vuckling stress computed from elastic
thecry and, for columns of rectangular cross section,

from reference 8,

EE!

Er- = "_ P (17)
(+E +./BT) ‘
Dividing eaquation (17) by B gives
£ aﬁt'
NI /E' > (18)
B (L +JETTE)

Figure 9 shows the reduced-modulus ratio Er/E plotted
against stress ratio ¢ for different values of =n and
it N -

5

b m, = 0.7.

Fguation (16) may be solived for Er/E as foilows:

e
”

8 s .
Let ‘Oe == _9; OI' = 2 (19)
4] 51

Thug, _.the desired value of Er/E ig the ordinate c¢f the
intersection of the straight line 2,/B = o/c, with the
reduced modulug curve, equation‘(lS), for the maiterial

{(n) in question. Straizht lines with the given slope
l/Oé may be drawn conveniently by connecting the origin

with the proper poini omn tke circular curve in figure 9.

DERIVATION OF BMPIRICAL CONSTANTS ¥ROM STRESS- STRAIN CURVE

o

The adeguacy of ecuation (2) wag tested by plotting
n log-log paper the sgstregs~deviation curves for the sheet
materials given in reference 1. Tha pointg ghould lie on
a2 straight line according to eguation {1C) if equation (2)
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ig an accurate description of the stress—-strain curve.
Trom the slope and iutercept of such a straignt line the
constanty E and un can Dbe determined for 2 best fit,

straight lines were obitained for all the compressive
stress—deviation curves and for all but four of the ten-
sile curves for stiresses greater than the stress at which
the secant modulus was equal %o 90 percent of Young's
modulus. The excepiions had stress—strain curves which
had a gradual change of slope throughout their entire
length. Thisg indicates that any value of m, less than
0.9 would give an approximate fit to compressive stréess-
strain curves and to most tensils gstress—-strain curves '
2t stresses above that corresponding to m; = 0.90.

It appeared desirabdle to choose the value of m,
such that the secant yield strength s, would approxi-
mate the widely wsed yield strength s5,p, T0T 0.2-p

t

offset. In other words, S . should bte chosen’

appreximately:

8
0.002 = & - —= (21)
7 ‘
where (gee Tig. 5)
g = ®1 (21la)
mlE

i

/

I
b
kS

serting equation {2la) in eguabtilon (21) and solving for
L

gives

e 4 PR Ly : (21b)

bl
[

Bxamination of tabtles I1I and IV of reference 1 gave val-

nes 0f s, a/E for ithe aluminum alloyvs and the chromiumr-

nickel steels which ranged from 0.00258 to 0.00875H; tns
1025 cartorn steel in reference 1 was 'not included Decause
of its relastively low value of this ratio. The average
value was

mom s

[

0.2

e et

= 0.00486 (21e)

-
P

substituting this average in eguation (21b) and solving

for ©my. gives

£ e p——
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It wzs decided,
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m, = 0,709

therefore, ta use for

my, = 0.7

for determining the secant yield stremngth

When X is known and sy

oy

{9

(21d)
e wvalue

(22)

83+

has Eéen,determined, it

is still necessary to krow the shape parameter =n in
order to establish the shape of the siress-strain curve

‘according to equations (8) and (4).

The shape parameter n

the use of a second secant yield strength s
sponding fto a second secant medulus myE, =a
iz analogy to squaticans {5) and (7),
' 5 T
-5, s, . f sa\\n
&, = = —— + X! — |
m % 3 \z /
n-3z
1 , fﬂsa\
S.= 1+ 1 &
Ty \E /

a
S

is conveniently derived by

, ¢orre—’
Tellows.

Soiving both equations (7) and (23) for X .gives

AR VA SN VAT
&ml \E | my \ B

so that
1
=- - 1
~ 8 -0
/ .i.\ o=
\SE / __*_L___ll
my '
Solving for n gives
) Cim,, 1o- ;
logi— ———— =
. * 1 1 - mg;
n =1+ =
s
log %

(27)
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The value of m, Tor the second secant yield sirength
was chosen as

m, = 0.85 ' - (28)

gince this value lies midway between 0.7 and 1.0 and
since it is on the gafe side of the limiting value

m= 0.90 up to which eguation (2) ig an adeguate descrip-
tion of most of the stress-strain curves in reference 1.’
substituiing eguations (22) and (28) in egquation (27)
gives: S ' -

log— 0 3553
=14+ ————— = 1+ e {29)
81 : o Sl
log — log —_ \

A plot of this ralation on log-log paper is given in fig-
ure 10. .

COMPARISON WITEH EXPERIMNENTAL STRESS- STRAIN

AND TANGENT-MODULUS CURVES

v et

[

4".

D e M

The order .of approzimation with wnich eguation (2)
describes the stress—strain curve for materials with val-
wes of n from 3.086 to < ig broughkt out in figures 11
to 13, 4in which ‘the data were iaken at random from refer-
ence 1. The approximation appears tTo be zdeguate for most
practical purposes. Tn these figures B, B1» and 8z
were obtained from tne stress—-strain data, and 1 Was cow”

suted from equation (27). EBguation (8) then gave the rela-
tion between € ad- o, .and the relation between & and

s was obiained by ruitiplying € by SI/E and © ¥ £y~
A better fit would have Desd obtained if n and K had
been determined from a plot of the data, as explained in “he
first paragraph of the preceding section (p. 7); but the

procedure aged is sippler and grobably‘a&equate in most

cases.
A puch more severe btest of
than the comparisom with the stregs-straln curve,

the adeguacy of eguation (2}, *
is & com-
parison with the tangent
stress-strain curve. Such a compariscn SeBiS to be advis-
able since the tangent modulns mast be cozpunied for evalzal-
ing ithne redveced modulus in compression. (See eguation (17)-

mofunlug - that is, the siope of the A

S ——

"
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The tangent moduli in compression of reference 1
are plotied on a dimensionless basis in figures 14 to0 21
together with computed moduli as given by figure 8. The
value of =n from egquabtion (29) for each material is given
in figures 14 %o 21. The computed moduli are shown for
integral values of =1n and for =n = 2.5. To appreciate
the closeness of fit, therefore, it 1is necesgsary to inter-
polate between the curves by uging the particular value
of n applying to the vplotied data. Bxcept for the
curves with & very sharp kmee {n > 10) +the experimental
values of tangent modulus for stresses below the secant
yield strength s = differ less than #0.07 E from the
values corresponding to equation (15). " In the casge of the
vaiues with the skharp knee (fig. 21) the maximum differ-
ence was considerably greater. These differences do not
detract seriously from the usefulness of egquation (2),
howevar, since the regiorn in which the agreement is not
good ccmprises a limited sitress range. Consequently, in
thig range the difference between the experimental and
the computed values of ¢ <corresponding to a given value
of tangent modulus are smalil.

The comparigon was confined to the materials in ref-
erence 1, which did not include alcgclad aluminum alloys.
In the alclad altminum alloys a change in slope at low
stress ig observed waich corresponds to the vielding of
the aluminum coating. It seems probable that inclusion
oFf thisg effect will reguire the addition of at least ore
more paramster to the three coatained in eguation {(2).

TXA¥PLE FOR APPLICATION OF THREE-PARAMETEER METHEOD

+

Computations baged on elastic theory give a value of

' 3
8y = 87 » 10 pounds per,inchg
for the critical compressive stress of a given specimen.
The material of the specimen has the compressive siress-
strain curve sghown in figure 22. It is desired to deter—
mine trhe siress:

Sg

which is an estimate for the critical stress after taking
account of the plastic yielding of the material. '
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Trom figure 22 are obtained the two secant yield
strengths '

s, = 43.0 X 105,pounds;per inch®
- 3 . 2
s, = 8.0 X 10" - pounds per inch
so that
s i i
% = 1.132
Sz

From figure 10 this corresponds to a shape parameter
5= 8.15

Intering figure 2 wiih this valune of n and with the

~ratio
sy . %30 4404
Se 87.0
Sives
Er . 0.473

so thal the correcteasd critical stress 1s

: . . : _ 2 -
W = 0.473 x 87 X 10° = 41.2 X 10° pounds per inch

TTational Bureaun of Standards,
Washington, D. C., April 8, 1949..

m e g—
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